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ABSTRACT. Remarks in a paper by Jacques Tits from 1956 led to a philosophy how a 
theory of split reductive groups over Fi, the so-called field with one element, should look 
like. Namely, every split reductive group over Z should descend to Fi, and its group of 
Fi -rational points should be its Weyl group. We connect the notion of a torified variety 
to the notion of Fi -schemes as introduced by Connes and Consani. This yields models 
of toric varieties, Schubert varieties and split reductive groups as Fi -schemes. We endow 
the class of Fi -schemes with two classes of morphisms, one leading to a satisfying notion 
of Fi-rational points, the other leading to the notion of an algebraic group over Fi such 
that every split reductive group is defined as an algebraic group over Fi. Furthermore, we 
show that certain combinatorics that are expected from parabolic subgroups of GL(n) and 
Grassmann varieties are realized in this theory. 

Introduction 

The development of Fi -geometry plays a key role in the program of translating Weil's 
proof of the Riemann hypothesis as shaped by Kurokawa ([ 10|), Deninger ([7], |8|, |9|), 
Manin (|13|) and others in the early 1990s. But the first mention of the "field with one 
element" appeared in Jacques Tits' paper lfl6ll from 1956 and his ideas are a main inspira- 
tion in the development of Fi-geometry. Tits' remarks gave rise to a philosophy of groups 
and group actions over Fi, which was first seriously treated by Connes and Consani in Q). 
For a further discussion of their results, see [11, section 6.1]. We will give an idea of this 
philosophy in the present introduction and show how to realize it in the following sections. 

While there are now general different frameworks for Fi -geometry, a common theme is 
that Fi should be an object lying below the integers, this means that an Fi -geometry should 
be a category Sch^ 1 with a terminal object *f 1 — Spec Fl Fi and a base extension functor 
— ®Fi Z from ScIiFj to the category Schz of schemes such that *f 1 ®f 1 Z is isomorphic 
to *z = Spec Z. Given a candidate for Schf 1 , it is natural to ask: which schemes have 
a model over Fi, i.e. for which schemes X does exist an object X in Sch Fl such that 
X% :— X <g)f 1 Z is isomorphic to XI 

The viewpoint originating from Tits' paper is the following. A wide class of schemes of 
finite type over Z admit a polynomial N(q) with integer coefficients as a counting function, 
that is, N(q) equals the number of F g -points of the scheme for every prime power q. First 
examples include affine spaces, projective spaces and Grassmannians: 



#A n (F,) = <z n , #P"- 1 (F 9 ) = [n] q , and # Gr(fc, n)(¥ q ) = 



where [n] q — q 71 ^ 1 + ■ ■ ■ + q + 1 is the Gauss number, [n] q \ = Yl7=i Ms ^ s ^ ne Gauss 
factorial and \%] q = m \^-k] ! * s C" auss binomial. Evaluating these polynomials at 
q = 1 leads to interesting numbers, which should be thought of as the number #X(Fi) of 
"Fi-rational points" of the scheme X. Comparing cardinalities, we see that 



#A n (Fi) = 1 = #*, #P"- i (F 1 ) = n= #M n , #Gr(fc,n)(Fi) = ^ J = #M fe ,„ 

where * is the one point set, M n — {0, . . . ,n — 1} and Mk, n is me set of subsets of 
cardinality k in M n . We formulate a first problem. 

l 
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Problem A. We seek a category Scrip x with a terminal object and a functor — Z : 
Schpj — > Schz that contains objects AJ , PJJ~ and Gr(k, n)w 1 (forn > 1 < k < n) 
such that 

A^ ® Fl Z ~ A" and A^ (Fi) ~ *, 

P^ 1 ® Fl Z ~ P"- 1 ana' P^ 1 (F 1 )~M„, 

Gr(fc, n)r 1 (Sfj Z ~ Gr(fc, n) ant/ Gr(fc, n)p x (Fi) ~ Mk, n ■ 

There are already several approaches that give partial solutions to this problem. All 
suggestions for Scrip x in literature contain models of toric varieties, which include A" and 
P™ -1 . As we will see in the course of this text, Gr(k, n) has a model in the notion of Fi- 
scheme as suggested by Connes and Consani in J2)- However, in most categories, the set 
Hom(Spec Fl ¥\,X) is not equal to what we expect as X{¥\). Note that P"^ 1 = Gr(l,n), 
so part (i) follows from part (iii) of Problem A. In the present paper, we will introduce 
morphisms between Fi-schemes as defined in [2| and show that Problem A can be solved. 

Another interesting source of examples are split reductive groups G with maximal split 
torus T ~ G^, where r is the rank of G. Let N be the normalizer of T in G and W = 
N(Z)/T(Z) the Weyl group of G. Let B be a Borel subgroup of G containing T. The 
Bruhat decomposition of G (w.r.t. T and B) is the natural morphism 

]J BwB — > G. 

This morphism induces a bijection \\ BwB(k) ~ G(k) of fc-rational points for every field 
k. Since BwB ~ x A dm for certain d w > 0, the Bruhat decomposition shows that G 
admits a polynomial counting function 



#G(F 9 ) = " 1)V" 



However, if the rank r of G is positive, then the value of this polynomial at q = 1 is 
zero. A more interesting number of the counting polynomial N(q) is 

Urn N ® 



9-1 (q - l)P 

where p is the order of vanishing of N(q) in q = 1, i.e. the lowest non-vanishing coefficient 
in the development of N(q) in q — 1. Note that in the previous cases of A™, P"" 1 and 
Gr(fc, n), we have p — and nothing changes regarding Problem A. In the case of a split 
reductive group G, we have p = r and 

(1) lim E " g f (g ~ irgdro = lim Y q d - = #W. 

9-1 (O - l) r 9-1 ^ 

It was indeed Tits' suggestion to interpret the Weyl group of a split reductive group as its 
set of Fi-points. In the framework as above, this means that we should ask for a concept of 
"algebraic groups over Fi" such that split reductive groups are defined as algebraic groups 
over Fi and such that their Fi -points are isomorphic to their Weyl group. More precisely, 
consider the following problem. 

Problem B. We seek a category Schy 1 with finite products and a terminal object * Fl to- 
gether with a functor — ®Fi Z : Sch Fl — > Schz that respects finite products and the ter- 
minal object such that for every split reductive group G with group law m : G x G — > G, 
there is a group object Q in Schpj with group law p : Q x Q — > Q (in Sch^J satisfying the 
following properties. 
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(i) Qz — G as algebraic groups, i.e. there is an isomorphism tp : Gz — » G such that 

G% x Gz — *" Gi 

(<p,<p) <p 

G xG ^G 

commutes. 

(ii) 5(Fi) := Hompj , G) together with the induced group structure is isomor- 
phic to W as a group such that the limit in (TJ is respected, i.e. the morphism 

g : N(Z)/T(Z) = W 0(Fi) &(Z) G(Z) 

(*Fi — > 5) 1 — > (*z - * Gz) 

maps each coset nT{%) in iV(Z)/T(Z) fo an element ofnTi^) C G(Z). 

For the following reason, this problem cannot be solved in general. Note that a is a 
group homomorphism, since it is a composition of group homomorphisms (for the fact 
that the base extension is a group homomorphism, see Proposition ! 1.6l l. Then the fact that 
a(nT(Z)) C nT(Z), shows that a splits the short exact sequence of groups 

cr 

(2) 1 *-T(Z) ^N(Z)- 

This, however, is not possible for every split algebraic group as the example of SL(2) 
shows. 

In 0], Connes and Consani circumvent the lifting problem by using Tits' construction 
from ifTTl . which shows that a certain extension of <J23> splits for every split reductive group. 
In this way, the normalizer N becomes a group object that is defined over "F^", but the 
group law of G fails to be defined over Fja in general, cf. IfTTl section 6.1]. In this text, we 
will use a different method that allows us to define every split reductive group as a group 
object defined over Fi such that it has the expected group of Fi-points. Namely, we will 
use the framework of Fi -scheme given by Connes and Consani in Q , and introduce two 
different classes of morphisms between Fi-schemes, one leading to a satisfying notion of 
Fi -rational points, the other allowing models of all split reductive groups over Fi. 

Once we have established split reductive groups as group objects over Fi, we can inves- 
tigate group actions and ask whether a quotient exists. In the case of a standard parabolic 
subgroup P of GL(n) of type (k, n — k) acting on GL(n) by multiplication from the left, 
the quotient is Gr(k, n). Since P is isomorphic to GL(fc) x GL(n — k) x A fe (" _ ' c ) as 
a variety, it has a polynomial counting function, namely Np(q) = q k ( n - k ) . NQu^q) ■ 
N G h(n-k){q), where W GL(r) ((7) = J^wewi^ ~ ^V" is the counting function of GL(r), 
where the Weyl group W of GL(r) is isomorphic to S r for r £ {fc, n — k}. The order of 
vanishing of Np(q) at q — 1 is k + [n ~ k) = n and the number of Fi-rational points is 

f/=P(ffi) = lim 



g-i (q - 1)" 

= lim/'("- fc )(]T^)( ^ 1 d *) = #(&xS„_,) 

QGSfc fJes„- k 

The quotient of the action I : P x G — > G is the Grassmannian Gr(k, n — k) and the 
quotient of the action V : (Sk x S n -k) x S n — > S n is Mk,n- There is a natural action 
t : GL(n) x Gr(fc,n) — > Gr(fc,n) and a natural action t' : S n X Mk, n ^lh,n- This 
leads to the following problem. 

Problem C. We seek a category Sclr^ with finite products and a terminal object *f x to- 
gether with a functor — ®f t Z : Scli^ — > Schz that respects finite products and the 
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terminal object such that there exist group objects Q and V, a group action A : V xQ — ► Q 
and a quotient Qof A with the following properties. 

(i) There are isomorphisms f : Vz — P and g : Qz — GL(n) of algebraic groups 
such that Az : Vz x — > 5z is compatible with I : P x GL(n) — » GL(n), ie. 

% x g z ^ g z 

(/,<?) 9 

P x GL(n) ^ GL(n) 

commutes. There are bijections V{¥\) ~ Sfe x anJ £7(Fi) ~ 5„ swc/z f/zaf 

A(Fi) : P(Fi) x g(Fi) -> £(Fi) is compatible with V : (S k x S n - k ) x 5„ -> 5„. 

(ii) Lef r : Q x Q — » Q be the natural action on the quotient. There is an isomorphism 
Qz ~ Gr(fc,n) of varieties such that t% : Q%x Qi — > is compatible with 
t : GL(n) x Gr(fc, n) — > Gr(fc, n). There is a bijection Q(Fi) ~ M& in smc/z f/zaf 
r(Fi) : <?(Fi) x Q(Fi) -> Q(F X ) is compatible with t' : S„ x M k , n ' ~> M k>n . 

We will show that Problem C can be solved within the framework of this paper. 

The text is organized as follows. In section [T] we recall the basic facts about group 
objects in an arbitrary category with finite products and a terminal object. In section 12 we 
introduce the notion of an Fi-scheme as defined by Connes and Consani in [2] and show 
that toric varieties descend to Fi. In section[3] we introduce the notion of a torified variety 
as defined by Lopez Peha and the author in 1111 . The important property is that every 
torified variety descends to Fi. We recall from ifTTl that toric varieties, Schubert varieties 
and split reductive groups are torified varieties and are thus defined over Fi. 

In section |U we define the notion of a strong morphism between Fi-schemes. With 
relation to this class of morphisms, the sets X{F\) = HomS r (Spec Fl Fi, X) return for X 
being the Fi-schemes from Problems A and B the expected sets of Fi-points. In particular, 
we solve Problem A. In section [5] we define the notion of a weak morphism between Fi- 
schemes. In section [6] we introduce certain functors that allow us to pass group objects 
from one category to another. 

In section [7] we define the notion of a group scheme over Fi as a group object in the 
category of Fi-schemes together with weak morphisms. An algebraic group over Fi is 
a group scheme over Fi whose base extension to Z is an algebraic group. We show that 
extensions of finite groups by split tori, split reductive groups and successive extensions 
of the additive group scheme G a descend to algebraic groups over Fi. In particular, this 
solves a slight modification of Problem B. In section [8] we show that parabolic subgroups 
of GL(n) can be defined as algebraic groups over Fi. We solve Problem C. 

Acknowledgements. The author thanks the Max Planck Institute for the inspiring 
working environment. He thanks the organizers and the participants of the Nashville con- 
ference on Fi from May 2009 for many interesting discussions. He thanks Javier Lopez 
Pena and Lisa Carbone for stimulating conservations. He thanks Ethan Cotterill for his 
help with preparing the paper. 

1. Preliminaries on group objects 

To begin with, we review the concept of a group object and provide some facts that we 
will use later on. For more details, cf. J5] Expose 1, section 2], |[T2l Section III. 6] and lfl4l 
§0.1]. 

In this text, we say that a category C is cartesian if it contains finite products and a 
terminal object *c- A cartesian category C comes with the following canonical morphisms 
for all objects A and B: 

• an isomorphism pr x : i x *c -t i, 
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• the diagonal A : A — > A x A, 

• an isomorphism x'-AxB—>BxA. 

A group object in a cartesian category C is a pair (G, to), where G is an object in C and 
to:GxG^G is a morphism in C such that the multiplication 

m* : Hom(X, G) x Hom(X, G) — > Uom(X, G) 
(1,9) ' — > mo(f,g) 

defines a group structure of Hom(X, G) for every object X in C. We refer to G as the 
group object, when the context is clear, and refer to to as its group law. 
There is an alternative characterization of group objects. 

1.1. Proposition. Let G be an object and to : G x G — * G be a morphism in a cartesian 
category C with terminal object *£. Then (G, to) is a group object if and only if there are 
morphisms e : *c ~~ * G and i : G — ► G such that the following diagrams commute: 



(i) (associativity) G x G x G ■ 

(m,id) 

G x G- 

(ii) (left (right) unit) G x *c ' 



(id,m) 



G x G, 



■G 



(id,, 



G x G 




f resp. with to 
replaced by to o 



(iii) (left (right) inverse) G 



■^GxG- — £ 



G x G 



G 



f resp. with m 
replaced by to o ^J. 



Moreover, if (G, m) /s a group object, then e anof t are unique with the property that the 
diagrams dib— (tTTiT) commute. The unit element of Hom(X, G) for any object X in C is the 
morphism X — » *c G. 

We refer to e as the M«if of G and to t as the inversion of G. We sometimes say that 
a quadruple (G, to, e, i) is a group object, when we want to label the morphisms e and i 
related to a group object (G, to) explicitly. 

Proof. This proposition is standard. We give only a brief outline. 

Let (G, to) be a group object. If e : *c ~ * G is the unit of the group Hom(*c, G) and 
i : G — > G is the inverse of id : G — + G in the group Hom(G, G), then the diagrams 
(fit — (fTTTb commute, and these choices for e and l are unique. 

Conversely, assume that there are morphisms e and i such that the diagrams Jib— (ITTrb 
commute. Then for every object X, the multiplication of Hom(X, G) is defined by tp-ip := 
to o (ip 1 ip) for all <p, ip £ Hom(Jf , G), the map X — > *c ~* G is the unit and t o is the 
inverse of G Hom(A A , G). □ 



A homomorphism of group objects (Gi, toi) and (G2, TO2) is a morphism ip : Gi 
such that 

mi 



G 2 



Gi x Gi 



Gi 



G2 x G2 >■ G 2 

commutes. If the context is clear, we will simply say that tp 
phism of group objects. 



Gi 



G 2 is a homomor- 
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We collect some standard facts. 



1.2. Lemma. Let ip : G\ — » G2 be a homomorphism of group objects. 

(i) For every object X, the map ip* : Hom(X, G\) — > Hom(X, G2) is a group 
homomorphism. 

(ii) Let 6i and i{ be the unit resp. inversion of G for i = 1,2. Then the diagrams 




and 



-I 

Go 



V 

G 2 



commute. 



□ 



Let Y be an object and (G, to) be a group object in C. A group action of G on Y is a 
morphism 8 : G x Y — > Y such that for every object X in C, the map 6* : Hom(X, G) x 
Hom(X, Y) — > Hom(X, y) is an action of the group Hom(X, G) on the set Hom(X, y). 
There is an alternative definition. 



1.3. Proposition. Let Y be an object, (G, m, e, i) a group object and 1 
morphism in C. Then 8 is a group action if and only if the diagrams 



G x G x y • 

(m,id) 

G x y • 

commute. 



(id.e) 



G x y 



and 



x y 



(e,id) 



■G x y 



y 




Let 6:Gx7^ybea group action. Then Q together with a morphism p : Y 
is a (categorical) quotient of 8 if the diagram 

(3) 



□ 

Q 




commutes and if for all morphisms / : Y — > Z such that diagram Q with p : Y — > Q 
replaced by / : y — > Z commutes, there is a unique morphism / : Q — > Z such that 
f = f°P- 

A subgroup of a group object (G, m, e, i) is a group object (H, m', e',if) together with 
a homomorphism H — > G of group objects that is a monomorphism in C By Lemma 
1.21 we can think of (to', e', t') as the restriction of (to, e, l) to H and when will suppress 
the formal difference between (m! , e', 1') and (to, e, t) in the notation, when the context is 
clear. 

A subgroup H of group object (G, m, e, l) acts on a subset Y of G by conjugation if 
the image of the morphism 



H x y 



(A,id) 



H x H x Y 



(id,x) 



H xY x H 



(m,t) 



g x iy • 



■G 



is contained in y, i.e. factors through a group action : H xY — > y, which we call the 
conjugation of H on Y . A normal subgroup of G is a subgroup iV of G on which G acts 
by conjugation. 

1.4. Lemma. If N is a normal subgroup of a group object G and Q is a quotient of the 
conjugation G x N — » AT, f/ien Q inherits a natural structure of a group and we call Q 
the quotient group of G by N. 
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The direct product of group objects (Gi,toi) and (G^jWte) is the product G\ x G2 
together with the pair m = (mi, 7772) as group law, which is easily seen to define a group 
object. 

Let (AT, mjv) and (H, run) be group objects and 9 : H x N — > iV a group action that 
respects the group law tojv of AT, i.e. if we define the change of factors along 9 as 

(A.id) (id,0) x 

X9-- H x N y ' ' - H x H x N — — > H x N — N x H, 



then the diagram 



(id,mjv) 

H x N x AT- -^ff x 



(xe,id) 



(id, 9) 

N x H x N N x N 




commutes. Then the morphism 

(id, ve, id) fmjv,mif) 

m e : N x H x N x H ; N x N x H x H — : N xH 

is a group law for G = N x H . We say that G is the semidirect product of N with H w.r.t. 
9 and write G = N Xg H. The group object Af is a normal subgroup of G with quotient 
group H, and H is a subgroup of G that acts on N by conjugation. The conjugation 
H x N — > A" equals 9. If # : H x N — > A^ is the canonical projection to the second factor 
of H x N, then A^ Xg H is equal to the direct product of A^ and H (as group object). 

1 .5. Lemma. Let G be the semidirect product of N with H w.r.t. 9 and G' be the semidirect 
product of N' with H' w.r.t. 9'. If there are group homomorphisms if : N — » N' and 
tp : H — > H' such that 




N' x H' 



commutes, then G = N x e H N' x> e > H' = G' is a homomorphism of group 

objects. □ 

Let C and V be cartesian categories. We say that a functor T : C —> V is cartesian if 
T{A x B) ~ T{A) x T{B) and F(* c ) ~ *t>. 

1.6. Proposition. Let T : C —* T> be a cartesian functor between cartesian categories and 
(G, to) be a group object in C. Then (J-(G), J-(m)) is a group object in T>, and for every 
object X in C, the map Homc(X, G) — > Homx>(J-(X), J-(G)) sending if to J- ((f) is a 
group homomorphism. 

Proof. By functoriality, T maps the commutative diagrams (lib— (HiTb to commutative di- 
agrams. Since T respects products and the terminal object, these diagrams verify that 
(T(G\T(rn)) is a group object in T>. 

The last statement of the proposition follows from the equality 

T{y ■ tA) = ^(m o fa, ^)) = T{m) o T{ip, 1>) = Hm) ° = H<P) ' Hi>) 

for any two morphisms ip and rp in Hom(AT, G). □ 



By functoriality, Lemma [T31 and Proposition ! 1.6l implv immediately the following. 



x 
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1.7. Corollary. Let G = N yigH be the semidirect product of N with H w.r.t. 9 in C and let 
J- : C —> T> be a cartesian functor. Then Tiff) is the semidirect product J r (N)xyr^J r (H) 
ofT(N) with T(H) w.r.t. T{6) in V. □ 

In the following, a variety means a reduced scheme of finite type over Z. A group 
scheme is a group object in the category Schz of schemes. An algebraic group is group 
scheme that is a variety. 

2. Schemes over Fi 

In this section, we review the definition of a scheme over Fi as given by Connes and 
Consani in [2 1. This notion combines the earlier ideas of 0] and 03 1 with [3 1 and [ 18 1. 

We begin with recalling the notion of an 9Jto-scheme. For details, see J2] section 3.6]; 
also cf. Q. Let Tlo be the category of commutative monoids M with 1 (monoids for 
short) and with 0, i.e. an element satisfying • a — for all a G M. A morphism between 
monoids with is a multiplicative map that sends 1 to 1 and to 0. A monoidal space 
(with 0) is a topological space X together with a structure sheaf Ox with values in 97to. A 
morphism of monoidal spaces is a continuous map together with a morphism of sheaves. 
Since direct limits exist in 37to, it is possible to define stalks Ox.x for every point x G X. 

A prime ideal of a monoid M with is a subset p of M containing such that pM C M 
and M — p is a multiplicative subset containing 1. It is possible to define localisations of M 
at multiplicative subsets and to endow the set of prime ideals of M with a Zariski topology 
in the same way as it is done for rings, since these constructions use only multiplicative 
structure. This defines a monoidal space Spec OTo M, called the spectrum of M. An 97to- 
scheme is a monoidal space that is locally isomorphic to the spectrum of a monoid. A 
morphism of 9Jto-schemes is a morphism of monoidal spaces. Let Scherbo denote the cate- 
gory of OTo-schemes. 

The category Schgruo is cartesian. The terminal object is *<xr — Spec{0, 1} and the 
product is locally given by Spec A x Spec B = Spec(A A B), where A A B denotes the 
smash product of A and B with respect to as base point. 

There is a base extension functor X i— > X% — X Z from Scngr^ to the category 
Schz of schemes (over Z), which is locally described by 

Spec^A/ .— > Spec(Z[M]/(l-0 M -0 z[M ])), 

where Z[M] is the semi-group ring of M, 0m is the zero of M and 0z[M] i s me zero °f 
Z[M]. This functor is cartesian. 

A scheme over Fi (or Vi-scheme) is a triple X = (X , X, ex), where X is an Wlo- 
scheme, X is a scheme and ex ■ Xz — + X is a morphism of schemes (called the evaluation 
map) such that ex(k) : Xz(k) — * X(k) is a bijection for every field k. 

2.1. Remark. An Fi-scheme X — (X,X,ex) is locally of finite type if X is locally 
of finite type. For the sake of simplicity, we will assume for the rest of this text that all 
schemes over Fi are locally of finite type. 

There is a natural choice of morphism of Fi -schemes as a morphism between the un- 
derlying 9Jlo-schemes together with a morphism between the underlying schemes that are 
compatible with the evaluation maps. However, this notion of morphism is not suitable 
for a theory of algebraic groups over Fi as the only group laws that are of this nature are 
extension of finite groups by split tori (cf. Remark im i. We postpone the task to define the 
appropriate notion of morphism to a later section. 

The base extension functor — ®$ 1 Z associates to an Fi-scheme X = (X, X, ex) the 
scheme Xz := X. 

2.2. Example. To every 9Jlo-scheme X, we can associate the Fi-scheme X = (X, X%, id x ). 
We have that X CSano Z = X <S>w 1 Z. We give first examples of Fi-schemes of this 
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kind. The affine line A^ is the spectrum of the monoid {T l }; e N II {0} and the as- 
sociated Fi-scheme (A^ , A 1 , id&i) is a model of the affine line over Fi. The mul- 
tiplicative group G m ,wio i s me spectrum of the monoid {T l }i e % II {0}, which defines 
G m) i, = (G mi gjtoj G m , idc m ) and base extends to G TO as desired. Both examples can be 
extended to define a model (A^ , A™, idA" ) of the n-dimensional affine space over Fi and 
G m,Fi = ( G m,OTo' G m' id G£,) bv considering multiple variables T 1} ..., T n . 

More generally, every toric variety X gives rise to a connected 97lo-scheme X such 
that Xz — X. Thus toric varieties can be realized as Fi-schemes. On the other hand, the 
only varieties that have models as 9Jto-schemes are toric varieties. These observations are 
essentially due to Deitmar (|4|, consider also [ 1 1 1 Thm. 4. 1]). 

3. TORIFIED VARIETIES 

We review the definition of a torified variety as introduced by Javier Lopez Pena and the 
author in JTT). The connection to schemes over Fi is immediate and delivers a rich class 
of examples including Grassmannians and split reductive groups. 

A torified scheme is a scheme X together with a torification ex ■ T — > X, that is, 
a morphism T — > X, where T is a disjoint union T — ]J ieI Gf; of split tori, such that 
ex(k) : T(k) — > X(k) is a bijection for all fields k. A torified variety is a torified scheme 
X that is a variety. 

3.1. Remark. The definition of a torified scheme given here differs from the original one 
given in IfTTl . Namely, in ifTTI . one meets the additional condition that the restrictions 
ejsr| G d; : G^ — > X are immersions for all i £ I, The aim of IfTTI was to establish 
examples of Fi -varieties in the sense of the papers [ 15] and [1J. For the aim of the present 
text, we do not need this additional property and thus work with the simplified (and more 
general) definition. 

The two definitions are close to each other, since every morphism e : Gf n — » X from 
a split torus to a scheme X is locally closed and injective. It is, however, not clear to 
me whether the morphisms Ox, e {y) ~~ > C& 1 ,y between the stalks are surjective for all 
y G Gf n , which is the missing property for e to be an immersion. 

Note that T = Xt ®strto Z for Xt = U,- e j G^ r mo . This yields immediately: 

3.2. Lemma. Every torified scheme X with torification ex ■ T — » X defines an¥ \-scheme 

(X T ,X,e x ) 

In IfTTI section 1.3], we find examples of torified varieties. We will recall these briefly. 

3.3. Example (Toric varieties). The decomposition of a toric variety X with torus action 
Txl-tl into the orbits of this action provides a torification of X. This establishes 
models of toric varieties as Fi -schemes, again. 

We treat the example of a split torus and affine space in more detail. The split torus 
GJ^ has the trivial torification G] n F — > G r m ¥ . With that, we obtain the same Fj -scheme 
Fi = i^m strto ' i d G^ ) as m Example l2.2l The affine space A d has a decomposition 
into tori G z m = Spec Z[T U Tr l ] ieI , where I ranges through all subsets of {1, . . . , d}. The 
embedding Gf n A d is given by the algebra homomorphism 

Z[T 1 ,...,T d ] — > •L[T l ,T- 1 ] ieI . 

T — > l Tl ifleI 

1 [0 ifl£I 

In particular, there is a unique torus of dimension 0, which is embedded into the origin of 
A d . This defines the Fi-scheme Ap = (A d , A d , e&d). Note that the topological space of 
A d is discrete, while the 9Jlo-scheme A^ given by the canonical structure of A d as toric 
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variety (as described in Example l2.2b is connected. Thus the Fi-schemes (A^ , A d , id^d) 
and (A d , A d , e A d) are not the same, but we will see in Remark |431 that they become iso- 
morphic when we endow Fi -schemes with "strong morphisms". 

3.4. Example (Schubert varieties). Another class of examples is Schubert varieties, which 
in particular includes Grassmann and flag varieties. Schubert varieties allow a decom- 
position into affine spaces that can be further decomposed into tori. In the case of the 
Grassmannian Gr(fc, n), we have a Schubert decomposition 

JJ A rf - — >Gr(k,n), 

which induces a bijection on fc -points for every field fc. The affine spaces A can be 
further decomposed into split tori, what yields a torification of Gr(fc, n) and consequently 
a model Gr(fc, n)r 1 = (Gr(fc, n), Gr(fc, n), eQ r (fe „)) of the Grassmannian over Fi. Note 
that the 0-dimensional tori in this torification stay in bijection with Mk >n - 

3.5. Example (Split reductive groups). The last class of examples discussed in ifTTIl are 
split reductive groups G. For a definition, see [6, Expose XIX, Def. 2.7]. Let T ~ G r m be a 
maximal split torus of G, where r is the rank of G. Let N be the normalizer of T in G and 
W = N{Z)/T{Z) the Weyl group of G. Let B be a Borel subgroup of G containing T. 
The Bruhat decomposition U,„ eM / BwB — » G can be refined to a decomposition into split 
tori in the following way. (Note that we identify the coset w £ W with the corresponding 
subvariety of G, which is isomorphic to G^ n ). For every w £ W, we can choose an 
isomorphism BwB ~ <G r m x A dw for a certain d w > as varieties. Therefore BwB is 
toric and thus torified. More precisely, we can choose a torification of BwB ~ x A dm 
that contains ~ w c — > BwB as r-dimensional torus; all other tori in the torification are 
of dimension larger than r. This provides a torification of G that restricts to a torification 
of N into r-dimensional tori, indexed by W. 

We collect the results obtained by these examples using Lemma [3~2l 

3.6. Proposition. There are ¥i-schemes Gr r m F , A{? (Example \3.3\ , Gr(fc, n)t 1 (Example 
13.41 ) such that 

G r mJl ® Fl Z ~ G^, A^ ® Fl Z ~ A d , Gr(fc, n) ¥l ® Fl Z ~ Gr(fc, n), 

and there is a ¥\-scheme Q for every split reductive group G (Example 13. 51 ) such that 
Gz — G. 

4. Strong morphisms 

In this section, we define a class of morphisms between Fi-schemes that produces the 
expected sets of Fi -points for affine and projective space, Grassmann varieties and split 
reductive groups as formulated in Problems A and B of the introduction. 
Let X = (X, X, ex) and y = (Y, Y, ey) be Fi-schemes. Then we define the rank of a 
point x of the underlying topological space X as rk x := rk O x , where Ox.x is the stalk 
(of monoids) at x and O x denotes its group of invertible elements. We define the rank of 
X as rkX := min^g^lrka;} and we define 

l rk := ]J Spec mo O X!X , 

rk :c— rk X 

which is a sub-07lo-scheme of X whose underlying topological space is discrete. 
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4.1. Definition. A strong morphism (p : X — > y is a pair (/, /), where / : X lk — > Y rk is 
a morphism of 97to-schemes and / : X — > F is a morphism of schemes such that 




commutes. We denote the category whose objects are Fi-schemes (locally of finite type) 
and whose morphisms are strong morphisms by Scrip 1 . 

Recall that *ot = Spec OTo {0, 1} is the terminal object in Sdi^ and *z = Spec Z, the 
terminal object in Sch^. The Fi-scheme (*otoj *z> id* z ) is the terminal object in Sch F tr , 
and we denote it by * Fl or Spec Fl Fi. 

If X = (X,X,ex) is an Fi-scheme such that ex ■ X% — > X is an isomorphism, 
we say that X is of pure rank, and we denote the full subcategory of those Fi -schemes 
in Schp r by Sch F k . If X is of pure rank and (/, /) : X — ► y is a strong homomorphism 
between Fi -schemes, then fo ex = eyof. Since ex is an isomorphism, / = eyo/oey , 
and we obtain: 

4.2. Lemma. Let X = (X, X, ex) and y = (Y, Y, ey) be ¥\-schemes and X be of pure 
rank. The map Homy 1 (X, y) — > Homajto (-^j Y) sending (/, /) to f is a bijection. □ 

Thus we can also consider Sch^ as a full subcategory of Schgjt . Its objects are char- 
acterized as those 9Jto-schemes X for which there is a number r such that X is a disjoint 
union of 9Jto-schemes of the form Specvpjp ({0} U H), where H is an abelian group of rank 
r. We define 

y(F0 := Komf;(* ¥l ,y) 

for Fi-schemes y, and, more generally, y(H) := Hom^. t i r (Spec OTo ({0} U H), y) for 
an abelian group H of finite rank and y(X) := Homf*{X, y) for every Fi -scheme X of 
pure rank. 

4.3. Lemma. Let y = (Y, Y, ey) be an ¥\-scheme. Then 3^(Fi) equals the set of points 
o/F rk . 

Proof. The Fi-scheme *tmo = Specgj;;, {0, 1} has one point, namely the unique prime ideal 
{0}of{0,l}. For every choice of image y of {0} in Y rk , the stalk Oy. y is of the form 
{0}UH for an abelian group H and there is consequently a unique monoid homomorphism 
°Y, y -> {0,1} sending to and H to 1. □ 

If X is defined by a torified variety, then X lk corresponds to the tori of lowest dimen- 
sion in the torification. For split tori, affine spaces, Grassmannians and split reductive 
groups we described a torification and their tori of lowest dimension in the examples of the 
previous section. Thus we obtain a solution to Problem A and Problem B, part (i), from 
the introduction. 

4.4. Theorem. In Scrip 1 , there are objects Gj r m F , A F ( Example 13. 3D , Gr(fe, n)^ t (Ex- 
ample \J~4\l and there is an object Q for every split reductive group G (Example \3.5\l such 
that 



^m.Fi ®F! Z ~ G r m and G^ )Fl (Fi)~*, 

(g) Fl Z ~ A d and A^(Fi)~*, 

Gr(fc, n) Fl (8fx Z ~ Gr(fc, n) ant/ Gr(fc, n) Fl (Fi) ~ M^ n . 

g® ¥l Z~G and Q{¥{) ~ W fas sefsj. □ 
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4.5. Remark. For a toric variety X, we have defined two different models X\ = (Xi,X,ei) 
(Example 12. 2\ and X2 — (X%, X, 62) (Example 13. 3i of X as Fi-schemes, where X\ is a 
connected 9Jto-scheme and X2 is a discrete 9Jto-scheme. However, both X[ k and X^ are 
discrete and there is an isomorphism i : X[ k — > X| of 9Jto-scheme such that (i, idx) is 
a strong morphism. This shows that X\ and are isomorphic in Schjjj. 1 . 

5. Weak morphisms 

In this section, we introduce a second notion of morphism between Fi -schemes, which 
allows us to define all split reductive groups as group objects over Fi. We start with 
proving some useful facts. 

5.1. Lemma. Let (X, X, ex) be a scheme over ¥±. As a map between the underlying 
topological spaces, ex ■ X% — > X is injective. 

Proof. Assume ex{x\) — ex{x2) for two points x\ and X2 of X%. Then there is a field k 
and two morphisms Spec A; — > X% whose images are {xi} and {22}, respectively. Since 
ex induces an isomorphism Xz(k) ~ X(k), the two morphism must have the same image, 
and thus x% = X2, □ 

Let X rk denote the image of ex ■ X^ — > X. For every point x £ X, let {x}z be 
the corresponding subscheme of X%. We write ex(x) for the image ex{{x}z) in X. By 
a theorem of Chevalley, the images of constructible sets are constructible. Since {x}z is 
connected, ex {x) is connected, too, and thus locally closed. This shows that ex (x) is a 
subscheme of X. 

5.2. Lemma. The image of X rk under ex is a disjoint union 

X l ' k = ]J e x (x). 

Proof. Since the rank of a point x G X equals the dimension of the subscheme {x}% of 
Xz and ex is injective by Lemma |5~T1 the dimension of ex(x) equals the rank of X for 
all x G X rk . Since ex (x) and ex (y) are disjoint and of equal dimension for two different 
points x, y G X lk , their union is not connected. Since X is locally of finite type, the image 
of ec is a locally finite disjoint union of subschemes of the form ec(%) with x G X ik . 
Thus the lemma follows. □ 

5.3. Remark. The previous two lemmas show that ex is an injective map between the 
underlying topological spaces of X% and X whose image is locally closed. For to show 
that ex is an immersion, we need to show that all morphism between stalks are surjective. 
It is not clear to me whether this holds true in general. If it holds true, we can identify 
X^ and X rk via ex- Further it implies that the different definitions of torified schemes 
(locally of finite type) given in the present text and in ifTTI coincide, cf. Remark lXTl 

Let X — (X, X, ex) and y — (Y, Y, ey) be Fi-schemes. The unique morphism 
Specie O x x — > *9ji induces a morphism 

l rk = [J S P ec OTo O^ — > * x := J] * OTo . 

iei ik iex rk 

Given / : X lk — > Y lk , there is a unique morphism *x —> *y such that 

j^rk 5*. yrk 

I t 

*x s- *y 
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commutes. 

The unique morphism ex(x) — ► *z to the terminal object — SpecZ in Schz induces 
a morphism 

X rk = ]J e x (x) — » (**)z = ]J * z . 

5.4. Definition. A weaA: morphism ip : X — » ^ is a pair 99 = (/, /), where / : X rk — ► 
y rk is a morphism of 9Jlo-schemes and / : X — > Y is a morphism of schemes that restricts 
to a morphism / : X lk — > y rk such that 




commutes. We denote by Schp i ° ak the category whose objects are Fi-schemes (locally of 
finite type) and whose morphisms are weak morphisms. 

6. Cartesian categories 

We reason that the categories we invented are cartesian and introduce certain cartesian 
functors that allow us to pass from group objects from one category to group objects of 
another category by means of Proposition [L6] The category Sch^ has finite products and 
*z = Spec Z as terminal object. Thus Schz is cartesian. We already reasoned in section[2] 
that Schgjto is cartesian and that the base extension functor — ®gjj Z : Schgjjo — > Schz is 
cartesian. 

Since the evaluation is an isomorphism for every Fi-scheme of pure rank, the product 
in Sch* is given by 

(X,X,e x ) x (y,y,ey) = (1x7,1x7, (e x ,ey)). 

Since {XxY) lk = X lk x Y lk , the products in Sch^ r and Sch^ eak are realized by the same 
formula. The terminal object in all three categories is *Fi- It follows that the categories 
Sch* , Scrr^ 1 " and Sch^ i cak are cartesian and that the inclusion functor Schjj k Schj^ 
is cartesian. Every strong morphism is a weak morphism, thus Schjjf 1 is a subcategory of 
Sen™ 2115 . Consequently, the inclusion functor Schp 1 <-+ Schp° ak is cartesian. 

Recall that we defined the base extension of an Fi-scheme X — (X, X, ex) as X% — 
X. To extend this to a functor — ®Fi Z : Schp° a — > Sch^, we define the base extension 
of a weak morphism ip = (/,/): X — » 3^ to Z as <p% :— f : X% — » y%. This yields a 
cartesian functor. 

We introduce a functor (— ) rk : SchJ^ a — > Schp k that associates to an Fi-scheme 
X = (X,X,e x ), the Fi-scheme X lk = (X rk , X^ k , id) of pure rank and to a weak 
morphism ip = (/, /) the strong morphism ip lk = (/, f-£). This functor is cartesian. 

We subsume these cartesian functors in the following diagram: 

(-) rk 



Sen* c Sch£ c Sch^ cak -Sch z . 

Note that the composition of cartesian functors is cartesian. Thus the base extension 
to Z restricted to Scr% k or Schp* 1 is cartesian, too. A consequence of the fact that ev- 
ery strong morphism tp : X — > y factors through y lk when X is of pure rank is that 
Horn* (X, y* k ) = Romf^X, y). 
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An immediate consequence of Proposition ! 1.6l is the following key property that will be 
of important (implicit) use for the theory of algebraic groups over Fi as introduced in the 
next section. 

6.1. Lemma. Let Q be an algebraic group over ¥\ with group law fi. Then Q% is an 
algebraic group ( over Z) with group law \xi, and C/ rk is a group object in Sell* with group 
law /i rk . In particular, for every Wt-scheme X of pure rank, Q(X) = Hom F k (X , G lk ) 
inherits the structure of a group. □ 



7. Algebraic groups over Fi 

The subject of this section is to establish the notion and various examples of algebraic 
groups over Fi. 

7.1. Definition. A group scheme over Fi is a group object in Sch Fi cak . Let G be a group 
scheme with group law m. If there is a group scheme (Q, fi) over Fi such that Q% ~ G 
as group schemes (over Z), then we say that Q is a model of G over Fi. If /i is a strong 
morphism, we say that Q is a canonical model ofG over Fi. A group scheme Q over Fi is 
called an algebraic group over Fi if Q% is an algebraic group (over Z). 

For a group W, denote by W% the constant group scheme of W, i.e. the scheme W% — 
\J W Spec Z together with the obvious group law. Clearly, we have a model of the constant 
group scheme in Schp* 1 . More precisely: 

7.2. Lemma. For every group W, there is a group law /i : Ww x x Wr 1 — * Ww t in Scrip* 1 
for the F \-scheme Ww 1 — Yl w *Fi such that Ww 1 (8>Fi Z ~ W% as group schemes and 
W Vl (Fi) ~ W as groups. □ 

7.3. Lemma. For every r > 0, there is a group law G r m F x F — > G^ F in Sch F * r 
such that <& r m F Z ~ GJ„ as algebraic groups. The group GJ„ F (Fi) is the trivial 
group. 

Proof. Since G r m mo = Spec OTo ({0}U J ff), where H = {T[ 11 T r "" | m, . . . , n r S Z} 

is the free abelian group in r generators, it has precisely one point, namely the unique 
prime ideal {0} of H. The stalk Oqt ^ ^ is equal to H. If we let m be the group law 
of G£j (in Schz) and define m topologically as the trivial map and on the stalk as the map 
m# : H — > i? A i? sending an element h £ H to (h, h) £ H and to 0, then 

)Z X ( G L,OTo)z ^ ^ ( G L,OTo)z 



g;, x G r m G r m 

commutes. If < : « G^ and i : GJ n — > G^ are the morphisms of Proposition ll.il then 
it is easily seen that they extend to morphisms (e, e) : *g t —> GJ" n F and (Z, i) : F — ► 
G r m Fi of Fi -schemes that satisfy the definition of an algebraic group. Thus G^ Fi is a 
group object in Sch Fi r and G r m F Z = G r m as algebraic groups by consttuction. 

Since G^ OTo has only one point and since there is only one homomorphism of monoids 
{0} II H -> {0, 1}, G r m iFl (Fi) is the trivial group. □ 

This proof generalizes to show the more general lemma. 

7.4. Lemma. Let H be a finitely generated abelian group. Then Q := (Spec aj [ [ ,({0} II 
H), SpecZ[iJ], id) is a group scheme over Fi with Q% — SpecZ[i7] and 0(Fi) being the 
trivial group. □ 
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Let G be a group scheme with group law to. If &q : ]J ieI G~* — ► G is a torification 
of G, then let (G, G, eg) be the associated Fi-scheme (cf. Lemma |3T2| |. Let N = G rk 
be the image of G* under ec put r = mini e i{di} and 7 rk = {i € I \ di = r}, and 
denote by : G* — > TV the restriction of ec to G* = LL e /rk If e T Q is an 

isomorphism of schemes and to restricts to a group law of N, then define W := N/T, 
where T = N° ~ G r m is the connected component of N ~ LI; e /rk Thus we can 
identify 7 rk with W and write TV ~ ]J W G r m . 

7.5. Theorem. Let (G, to) foe a group scheme with torification ec such that to restricts 
to a group law of N = G rk . Put T = N°, W = N/T and r = dim T. Assume that 
e G : II w ~~ * N is an isomorphism. 

(i) There is a model QofG over Fi and Q{¥\) ~ W. 

(ii) If N ~ T x e W for some 8 : W x T — > T, fnen fnere z's a canonical model QofG 
over Fi. eg u another torification of G that satisfies the hypotheses for to have 
a canonical model Q' over Fi ant/ if there is an group automorphism f : G — > G 
iMcn f/iaf /(-/V) = TAT', wnere TAT' = G rk w.^f. e' G , then Q and Q' are isomorphic 
in Scrip tr. 

Proof. We begin with (0). Let Q = (G, G, ec) be the Fi-scheme associated to the torifica- 
tion eg. Lemma r7~2l provides a canonical model Wg 1 — (Wm > Wz, &w) of W% over Fi. 
In particular, we have a group object Wmo — Ww *%Ko with g rou P l aw m w m Schrrrio- 
Lemma f731 provides a canonical model T = (T, T, ex) of T ~ GJ„ over Fi and in partic- 
ular a group object T ~ GJ^ 5mo with tot in Schspto . 

Choose any group action 8 : W<jjio x T — > T that respects tot, e-g- the projection to 
the second component, which is always possible. Then 8 defines the semidirect product 
N := T xig Wmo with group law to as a group object in Scli^o- The diagram 



N z x N z 



N 7j 



Wz x W% 



N x N- 



commutes. This shows that // = (to, to) : Q x Q — > is a weak morphism. 

To verify that // is a group law, let e and t be the unit and the inversion of G and let e 
and i be the unit and the inversion of G (cf. Proposition I Lit . It is easily seen that (e, e) 
and (t, i) are weak morphisms (the former one being even a strong morphism) and verify 
the conditions of Proposition ll.il Thus Q is a group scheme over Fi whose base extension 
to Z is G. 

By Lemma l4~3l M{¥\) — N rk — W as sets. Since every strong morphism *g 1 — > 
Gr 1 m¥i is trivial, a strong morphism *p 1 — > Af factorizes through *ot — > Wi^, thus 
A/"(Fi) = W as groups. 

We proceed with (jn]). We need to define 8 as above such that (8, 8) is a strong morphism. 

Fix an isomorphism T ~ G£„. For every w G VT, the restriction 6>„, : G^ — ► G^ of 6* 
to the component of \\ w G^ corresponding to w is a homomorphism of group schemes, 

since 8 respects the group law of G r m . Let H = {T[ 11 T" r | m, . . . ,n r e Z}, 

then 0^, induces an automorphism 8# of the Hopf algebra 1\H], which restricts to a group 
automorphism 6# : H — > of the group-like elements i? of Z[if]. This defines a 
homomorphism 0^, : <G r m mo — > GJ„ OTo of group objects in Scri^o that base extends to 
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{6w)% — 6w We obtain a morphism of 9Jto-schemes 

whose base extension to Z is f?z = 9. Therefore, (9, 9) : Wf 1 x G, r m F — > G^ F is a 
strong morphism. Note that 9 is a group action, and it respects the group law of G r m m , 
since the restrictions 9 W are homomorphisms of group objects for all w £ W . 

That canonical models associated to ec and e' G as in the theorem are isomorphic is 
reasoned as follows. Since (9, 9) is a strong morphism, we have that 9 o ejv = ex o 9, 
where = (ew, ex)- But ex is an isomorphism, thus 9% is determined by 9. Since the 
automorphism / : G — ► G restricts to an isomorphism between N and N', which is an 
isomorphism of algebraic groups. Going through the construction of 9, we see that this 
defines already a morphism / : N — » N' of SDto-schemes such that (/, /) : Q — > Q' is a 
strong morphism that is an isomorphism of group schemes over Fj.. □ 

We have some immediate corollaries. 

7.6. Corollary. If N is an extension of a constant group scheme Wz associated to a group 
W by a split torus, then N has a model Af over ¥\. The group Af(¥\ ) is isomorphic to W. 
If N is a split extension, it has a canonical model over ¥±. □ 

7.7. Remark. Let N = G^ x 8 W z be as in the theorem. Let AT = (N,N,e N ) be 
the canonical model of N over Fi. Since iV rk = N, the group law [i extends (trivially) 
to a group law of Af in the category Schp whose objects are Fi -schemes and whose 
morphisms are pairs (/, /) : (X, X, ex) — ► (Y, Y, ey), where / : X — > Y is a morphism 
between 9Jto-schemes and / : X — > Y is a morphism between schemes such that eyo/ z = 
f o ex- More generally, we can substitute G^ n by a group scheme of the form Spec 1\H], 
where H is a finitely generated abelian group. 

However, semidirect products of a group schemes of the form SpecZ[i/] with a finite 
constant group scheme seem to be the only algebraic groups that allow models in Sch^*, 
cf. the explanations in ifTTl section 6.1]. The following implications of Theorem [73] show 
that Schp* 1 allows a larger class of group objects. 

Let G a be the additive group scheme. We say that G is a successive extension of additive 
groups if there is a sequence of subgroups = Go < G\ < ■ ■ ■ < G n = G such that Gi_i 
is a normal subgroup of Gi and Gi/Gi-i ~ G Q for alH = 1, . . . , n. 

7.8. Corollary. Let G be an algebraic group that is a successive extension of additive 
groups. Then it has a canonical model Q over ¥\. The group Q{¥\) is the trivial group. 

Proof. As a variety, G is isomorphic to A", where n is the number of subgroups in the 
filtration of G. Let e : — > G be the unit of G. We can choose a torification of 
G ~ A™ such that e is the unique O-dimensional torus of the torification. This defines 
an Fi-scheme Q = (G, G, eg) such that G rk ~ *ot , and G^ k ~ *z — > G equals . 
Thus Theorem 17. 5 1 dull applies and proves that G has a canonical model over Fi. Clearly, 
£(Fi) = Hom(*t OTo , G rk ) is the trivial group. □ 

If G is a reductive group with Weyl group W — N(Z)/T(Z), then we say that W lifts 
along a if the exact sequence of groups 



■ T N W z 



splits. As a consequence of this theorem we obtain the following solution to Problem B of 
the introduction. 
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7.9. Theorem. Let G be a split reductive group with group law m : G x G — ► G and 
Weyl group W. Then G has a model Q = (G, G, ec) over Fi an<i f/zere /s on isomorphism 
G(¥i) ~ of groups such that 

a : JV(Z)/T(Z) = g(Fi) "^4 Z fe(Z) = G(Z) 

(*F X — > 5) 1 > (*Z — > 0z) 

maps each coset nT(Z) m AT(Z)/T(Z) to an element ofnT{7j) C G(Z). 

/f fne VVfey/ group lifts along a group homomorphism a' : W — > AT(Z), fnen f/zere is a 
canonical model Q of G over Fi ant/ an isomorphism Q(¥\) ~ W swcn fna? er coincides 
with a 1 . 

Proof. In Example [53J we endowed a split reductive group G with a torification eg that 
restricts to a torification of the normalizer N of a maximal split torus T. Since G rk = 
TV w.r.t. eg, we have that ejv = e£j, and : U^G^t — > A^ is an isomorphism. 
TheoremO© shows that G has a model Q over Fi and that 0(Fi) = G rk = That 
cr maps each coset nT(Z) in iV(Z) /T(Z) to an element of nT(Z) C G(Z) is clear by the 
construction of (Q, p) and Q(¥\) ~ W in the proof of Theorem l7.5l 

If the Weyl group lifts along a group homomorphism a' :W — > N(Z), then W can be 
considered as a subgroup of N(Z), or, equivalently, Wz can be considered as a subgroup 
of AT. Since T is normal in N, W% acts by conjugation on T. The conjugation 8 respects 
the group law of T. Thus N — T y\Q W% and we can apply Theorem 17. 5 1 dull to obtain a 
canonical model. Again, it is clear from the proof of Theorem l7.5l that a and a' coincide. 

□ 

8. Parabolic subgroups of GL(n) 

In this last section, we will investigate Problem C from the introduction. We show that it 
can be solved within the framework of this paper. 

8.1. Lemma. Let P be a parabolic subgroup o/GL(n) of type (fci, . . . , k r ). Then P has a 
canonical model 'P(Fi) over Fi andV(¥±) ~ X • • • x Sk r . In particular, GL(n) has 
a canonical model Q over Fi and Q{¥\) ~ S^. 

Proof. A parabolic subgroup P of GL(n) of type (fci, . . . , k r ) is an extension of M = 
GL(fci) x • • • x GL(A: r ) by a successive extension U of additive groups. Hence, the 
parabolic subgroup P has a maximal split torus T of rank n = ki + ■ ■ ■ + k r . Let A^ = 
Uw T be the normalizer of T. Then W = A r (Z)/T(Z) ~ x • • • x S kr and the 
sequence 1 -> T(Z) -> AT(Z) -> W -> 1 splits. 

As a variety, P ~ M x [/, thus the product torification of torifications of M and [/ 
is a torification of P. Choose a torification of ill relative to the torus T as described 
in Example 13.51 and for U as described in the proof of Corollary 17.81 Then the product 
torification ep of P defines an Pi-scheme V = (P, P, ep) such that ep restricts to an 
isomorphism P^ k ~ AT. Thus Theorem l7.5l diiT) applies and implies the statement of the 
proposition. (Note that GL(n) is a parabolic subgroup of type (n) of GL(n)). □ 

Recall from Example l3.5l that a choice of a maximal split torus T in GL(n) and a Borel 
subgroup B containing T leads to a Bruhat decomposition \\ w BwB — > GL(n), where 
W ~ S n is the Weyl group of GL(n). This leads further to a torification eg of GL(n) and 
defines an Fi-scheme Q = (G, G, ec). By Theorem |7.9l there is a group law /i = (m, m) 
of ^ such that Q is a canonical model of G. This canonical model depends a priori on the 
choice of T and B, but since all maximal split tori in GL(n) are conjugated, Theorem l7.5l 
(El) implies that the canonical model Q is unique up to isomorphism. Let P be a parabolic 
subgroup of type (k, n — k) of GL(n) that contains T and B, and let V = (P, P, ep) be 
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the canonical model as described in Lemma [8~T1 Let I : P x G — > G be the restriction of 
m : G x G — » G to the natural action of P on G by left multiplication. 

8.2. Theorem, /n the situation as above, the following holds true. 

(i) Then there is a morphism I : P rk x G rk — > G rk o/ VJlo-schemes such that 
A = (7, /) : VxQ — > Q is a group action in Schp*. Taking ¥\-points is compatible 
with the natural group action 

A(Fi) : (S fc x S„_ fc ) x S n - S n . 

(ii) There is an F \-scheme Q that is a quotient of X. Consequently, 

Qz ~ Gr(fc, n) and G(Fi) ~ M fe , n . 

77ie natural action r : (J x Q — > Q on fne quotient is compatible with the natural 
action GL(n) x Gr(/c,n) — > Gr(fc,rt) ant/ taking ¥\-points of t is compatible 
with the natural action 

t(Fi) : S n x Af fc ,„ -» M fc ,„ 

induced by permuting the elements of M n = {1, . . . , n}. 

Proof. We begin with (01. The maximal split torus T is a subgroup of both P and G. 
Its normalizer Np in P is a subgroup of its normalizer N in G. By construction of 
V = (P,P,ep), we have that Np = P% (cf. Lemma [8TTb and by construction of 
G = (G,G,e G ), we have that N = Gf (cf. Theorem Eg). Put Wp, z = TVp/T and 
Wz = iV/T. Then we obtain an inclusion H^p,z c — ► Wz of groups. Since Wz lifts to a 
subgroup of G, iV is a semidirect product T » g Wz along a group action : Wz xT^T. 
If #p : Wp,z x T — > T is the restriction of 0, then TVp is the semidirect product T xi g P Wpz- 
These semidirect products define group laws fhp and rh on P rk and G rk , respectively, 
such that P rk is a subgroup of G lk . Consequently, the restriction of rh defines an action 
I : P rk x G rk — > G rk . Since (fh, m) is a strong morphism, A = (/, I) is a strong morphism, 
too. By Theorem rT9l and Lemma l8~T1 taking Fi-points yields A(Fi) : (Sk x S n -k) X £„ — > 
S„ as desired. 

We proceed with ©. We construct Q = (<Q, Q, gq) as follows. Define Q = Gr(fc, n). 
We review the Schubert decomposition in detail. We have the decompositions 

]J BwB — • /' and JJ BwB — y (: - 

weWp wew 

where Wp = Wp t z(Z), W — Wz(Z) and w € W is identified with the image of the 
corresponding point of Wz in G. These decompositions yield a decomposition 

JJ (PwP) / (PWp Z P) — > Gr(k, n) = G/P. 

The quotients (BwB) / (BWp : zB) are affine spaces A d ™ of a certain dimension d w for ev- 
ery coset w € W/Wp. We obtain a Schubert decomposition of Gr(fc, n) and we refine this 
decomposition to a torification cq whose O-dimensional tori coincide with the morphisms 
G" m = T/T {BwB) / [BWppB) for every w G W/Wp. This torification defines an 
Fi-scheme Q = (Q, Gr(fc, n), eg). 

Since the tori of lowest dimension in the torification of G are the immersions T <^-> 
BwB for every w e W and the tori of lowest dimension in the torification of P are the 
immersions T Pu;P for every w G Wp, the OTo-scheme Q rk is the quotient of the 
action I : P rk x G rk -> G rk . Thus Q is a quotient of A. 

By construction, we have Qz — Gr(fc, n). The group W is the Weyl group of GL(n) 
and thus naturally isomorphic to S n , and Wp is naturally isomorphic to Sk X S n -k by 
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Lemma lHTl Thus we have 

Q(Fi) ~ 0(Fi)/P(Fi) ~ W/Wp ~ 5 n /(5 fc x S„_ fc ). 

By construction, the natural action 5 x Q — > Q is after base extension to Z compatible 
with the natural action G x Q — > Q. The identification Mfc jn = S n /(Sk X S n -k) yields 
the natural action of £/(Fi ) = S n on Q(Fi) = M fc>n . □ 
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